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Abstract. — We prove a quantitative version of a result of Furstenberg |20| 
and Deligne |13| stating that the the diagonal of a multivariate algebraic power 
series with coefficients in a field of positive characteristic is algebraic. As a 
consequence, we obtain that for every prime p the reduction modulo p of the 
diagonal of a multivariate algebraic power series / with integer coefficients is 
an algebraic power series of degree at most p^ and height at most A'^p^'^^, 
where A is an effective constant that only depends on the number of variables, 
the degree of / and the height of /. This answers a question raised by Deligne 

Resume. — Nous demontrons une version quantitative d'un resultat de 
Furstenberg 20, et Deligne [13| : la diagonale d'une serie formelle algebrique 
de plusieurs variables a coefficients dans un corps de caracteristique non nuUe 
est une serie formelle algebrique d'une variable. Comme consequence, nous 
obtenons que, pour tout nombre premier p, la reduction modulo p de la di- 
agonale d'une serie formelle algebrique de plusieurs variables / a coefficients 
entiers est une serie formelle algebrique de degre au plus p^ et de hauteur au 
plus A^p^'^^, oh A est une constante effective ne dependant que du nombre 
de variables, du degre de / et de la hauteur de /. Cela repond a une question 
soulevee par Deligne [13| . 
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1. Introduction 



A very rich interplay between arithmetic, geometry, transcendence and com- 
binatorics arises in the study of homogeneous linear differential equations and 
especially of those that "come from geometry" and the related study of Siegel 
G-functions (see for instance [H I16|, I23^ I30|, I3H 133) for discussions that em- 
phasize these different aspects). As an illustration, let us recall a few of the 
many classical results attached to the differential equation 



• This differential equation comes from geometry: it is the Picard-Fuchs 
equation of the Legendre family of elliptic curves £t defined by the equa- 
tion = x{x — l)(x — t). 

• The unique solution (up to multiplication by a scalar) that is holomorphic 
at the origin is the function 



• For nonzero algebraic numbers t in the open unit disc, fi{t) is an elliptic 
integral and irfi^t) is a period in the sense of Kontsevich and Zagier [23j 
which are both known to be transcendental (see for instance the complete 
survey [34]). In particular, the function /i is a transcendental function 
over Q(i). 

• The function /i has the following nice hypergeometric Taylor series ex- 
pansion: 



t{t - l)y"(t) + (2t - l)y'{t) + ^y{t) = . 





n=0 
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which corresponds to a classical generating function in enumerative com- 
binatorics (associated for instance with the square lattice walks that start 
and end at origin) . 

A remarkable result is that, by adding variables, we can see /i as arising 
in a natural way from a much more elementary function, namely a rational 
function. Indeed, let us consider the rational function 

2 2 



™«2 ^«3™«4 
2 3 4 



2 — Xi — X2 2 — X3 — X4 

Then R can be expanded as 

(«l,«2,*3,«4)eN4 

(n,i2,i3,*4)eN4 V n / V ^3 / 

Collecting all the diagonals terms, we easily get that 

A{R) := ri, n, n)^ = h{t) . 

n=0 

More formally, given a field K and a multivariate power series 

/(xi, . . . , Xn) '■= ^ ^ • • • 5 ^n)^^!^ ' ' ' 

(ji,...,j„)6N" 

with coefficients in K, we define the diagonal A(/) of / as the one variable 
power series 

A{f){t) ■.= Y<n,...,n)eeK[[t]]. 

n=0 

Another classical example which emphasizes the richness of diagonals is the 
following. The power series 

+00 n / X 2 / I T,\ 2 
ji=Ofc=0 ^ ^ ^ ^ 

is a well-known transcendental G-function that appears in Apery's proof of 
the irrationality of C(3) (see |18j ). It is also known to satisfies the Picard- 
Fuchs equation associated with a one-parameter family of surfaces [6] . 
Furthermore, a simple computation shows that /2 is the diagonal of the five- 
variable rational function 

1 - Xi (1 - X2)(l - X3)(l - X4)(l - Xs) - X1X2X3 
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These two examples actually reflect a general phenomenon. In the case 
where K = C, diagonalization may be nicely visualized thanks to Deligne's 
formula |13j via contour integration over a vanishing cycle. Formalizing this 
in terms of the Gauss-Manin connection and De Rham cohomology groups, 
and using a deep result of Grothendieck, one can prove that the diagonal of 
any algebraic power series with algebraic coefficients is a Siegel G-function 
that comes from geometry, that is, one which satisfies the Picard-Fuchs type 
equation associated with some one-parameter family of algebraic varieties ^ 
llOj . As claimed by the Bombieri-Dwork conjecture, this is a picture expected 
for all G-functions. Diagonals of algebraic power series with coefficients in Q 
thus appear to be a distinguished class of G-functions. Originally introduced 
in the study of Hadamard products [7J , diagonals have since been studied by 
many authors and for many different reasons [H [9], \T0[ [141, l20l, [241, ES 
[301 [3T] . 

Remark 1.1. — The same power series may well arise as the diagonal of 
different rational functions, but it is expected that the underlying families of 
algebraic varieties should be connected in some way, such as via the existence 
of some isogenics (see the discussion in [10]). For instance, fi{t) is also the 
diagonal of the three-variable rational function 

4 

4- (Xi +X2)(1 + X3) ' 

while f2{t) is also the diagonal of the six- variables rational function 

1 

(1 - a;iX2)(l - X3 - 2:4 - XiX3X4)(l - X5 - X6 - X2X5X6) 

When K is a. field of positive characteristic, the situation is completely 
different as shown the following nice result. 

Definition 1.1. — A power series /(xi, . . . ,Xn) G • • • ,3;n]] is said to 

be algebraic if it is algebraic over the field of rational functions K{x\^ • • • 1 ^n)-) 
that is, if there exist polynomials Aq, . . . , Am G K\xi, . . . , x„], not all zero, such 
that X]I^o^«(^i' • • • i^n)f{xi, ■ ■ ■ jXnY = 0. The degree of / is the minimum 
of the positive integers m for which such a relation holds. The (naive) height 
of / is defined as the minimum of the heights of the nonzero polynomials 
P(Y) G K[xi, . . . , Xn] [Y] that vanish at /, or equivalently, as the height of the 
minimal polynomial of /. The height of a polynomial P{Y) G K[xi, . . . , x„][y] 
is the maximum of the total degrees of its coefficients. 

Theorem 1.1 (Furstenberg— Deligne). — Let K be a field of positive char- 
acteristc. Then the diagonal of an algebraic power series in K[[xi, . . . ,x„]] is 
algebraic. 
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Furstenberg |20j first proved the case where / is a rational power series and 
Deligne |13] extended this result to algebraic power series by using tools from 
arithmetic geometry. Some elementary proofs have then been worked out by 
Denef and Lipshitz [14] , Harase |21j , Sharif and Woodcock [27J . The present 
work is mainly motivated by the following consequence of Theorem ll.il Given 
a prime number p and a power series f{x) := X^nS) o.ip^x^ ^ ^[[^]]; we denote 
by f\p the reduction of / modulo p, that is 

+00 

modp)a;" G ¥p[[x]] . 

n=0 

Theorem 11.11 implies that if f{xi, . . . , x„) G Z[[xi, . . . , is algebraic over 
Q(xi, . . . ,Xn), then A(/)|p is algebraic over ¥p{x) for every prime p. In par- 
ticular, both the transcendental functions /i and /2 previously mentioned have 
the remarkable property to have algebraic reductions modulo p for every prime 
p. 

It now becomes very natural to ask how the complexity of the algebraic 
function A(/)|p may increase when p run along the primes. A common way to 
measure the complexity of an algebraic power series is to estimate its degree 
and its height. Deligne |13] obtained a first result in this direction by proving 
that if f{x,y) £ is algebraic, then, for all but finitely many primes p, 

A(/)|p is an algebraic power series of degree at most Ap^ , where A and B do 
not depend on p but only on geometric quantities associated with /. He also 
suggested that a similar bound should hold for the diagonal of algebraic power 
series in Z[[a;i, . . . ,x„]]. Our main aim is to provide the following answer to 
the question raised by Deligne. 

Theorem 1.2. — Let f{xi, . . . ,Xn) € . . . , x^]] be an algebraic power 

series with degree at most d and height at most h. Then there exists an effective 
constant A := A{n,d,h) depending only on n, d and h, such that A(/)|p has 
degree at most p"^ and height at most A'^p^^^, for every prime number p. 

Theorem 11.21 is derived from the following quantitative version of the 
Furstenberg-Deligne theorem. 

Theorem 1.3. — Let K be a field of characteristc p > and let f be an 
algebraic power series in K[[xi, . . . , Xn]] of degree at most d and height at 
most h. Then there exists an effective constant A := A{n,d,h) depending 

only on n, d and h, such that A(/) has degree at most p^ and height at most 
A^pA+i_ 

Note that, given a power series / £ ^[[a^]], the degree and the height of 
/|p are always at most equal to those of /. Furthermore, diagonalization 
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and reduction modulo p commute, that is A(/)|p = A(/|p). This shows that 
Theorem 11.31 imphes Theorem 11.21 

Remark 1.2. — Note that if f{x) € ^[[x]] satisfies a nontrivial polynomial 
relation of the form P{f) = mod p, then we also have the following nontrivial 
polynomial relation P"^{f) = mod Z/p^Z. Thus if a power series is algebraic 
modulo p with degree at most d and height at most h, it is also algebraic 
modulo p^ for every positive integer m with degree at most md and height at 
most mh. Under the assumption of Theorem II. 2^ we thus have that /|pm is 
an algebraic power series of degree at most mp^ and height at most mA?p^^^ 
for every prime p and every positive integer m. 

Theorem [L3] actually implies a more general statement given in Theorem ll.4l 
below. We recall that a ring i? is a Jacobson ring if every prime ^ G Spec(i?) 
is the intersection of the maximal ideals above it. The general form of the 
Nullstellensatz states that if is a Jacobson ring and i? is a finitely generated 
S algebra, then R is a Jacobson ring and each maximal ideal in i? has the 
property that dJl' := S (1 Tl is a maximal ideal of S and, moreover, R/dJl is a 
finite extension of S/dJt' (see [171 Theorem 4.19]). Let i? be a finitely generated 
Z-algebra and let f{x) := 0(^^)2;" G -R[N]- Since Z is a Jacobson ring, 

we have that R is also a Jacobson ring and every maximal ideal 9Jt of i? has 
the property that R/Wl is a finite field. In particular, if 931 is a maximal ideal 
of R and f{x) = ^n=o^(''^)^^ ^ -^[N]) the power series 

+00 

n=0 

has coefficients in the finite field R/W. 

Theorem 1.4- — Let K be a field of characteristic and f{xi,...,Xn) € 
K[[xi, . . . ,Xn]] be an algebraic power series with degree at most d and height 
at most h. Then there exists a finitely generated Z-algebra R C K such that 
A(/) G Furthermore, there exists an explicit constant A := A{n,d,h) 

depending only on n, d and h, such that, for every maximal ideal 93T of R, 
A(/)|5rjj is an algebraic power series of degree at most p'^ and height at most 
^^pA+i ^ yjJiQj-Q p denotes the characteristic of the finite field R/Tl. 

Remark 1.3. — If i? is a finitely generated Z-algebra, then for all but finitely 
many primes p, the ideal pR is proper and hence there are maximal ideals M 
such that R/M is a finite field of characteristic p. This follows from a result of 
Roquette [32] stating that the units group of a finitely generated commutative 
Z-algebra that is a domain is a finitely generated abelian group, while distinct 
primes pi, . . . ,pk generate a free abelian subgroup of Q* of rank k. It follows 
that if ii' is a field of characteristic and f{xi, . . . , Xn) G . . . , Xn]] is 
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algebraic then, for almost all primes p, it makes sense to reduce A(/) modulo 
p and Theorem 11.41 applies. 

Regarding Theorem 11.21 one may reasonably ask about the strength of an 
upper bound of type p^. For instance, it is not too difficult to see that both /i 
and /2 have degree at most p—1 when reduced modulo p. Curiously enough, we 
do not find any trace in the literature of any explicit power series f{x) E ^[[2;]] 
known to be the diagonal of an algebraic power series and for which the ratio 
deg(/|p)/p is known to be unbounded. In general, it seems non-trivial, given 
the diagonal of a rational function, to get a lower bound for the degree of its 
reduction modulo p. As a companion to Theorem II. 2^ we prove the following 
result that provides explicit examples of diagonals of rational functions whose 
reduction modulo p have rather high degree. 

Theorem 1.5. — Let s be a positive integer and let 

:= E l-(., + ...+.,) ^^[tx^'---'"'^+-^"- 

Then A(i?s)|p is an algebraic power series of degree at least p^^'^ for all but 
finitely many prime numbers p. 

In particular, for any positive number N , there exists a diagonal of a rational 
function with integer coefficients whose reduction modulo p has degree at least 
p^ for all but finitely many prime numbers p. 

This shows that the upper bound obtained in Theorem ll.2l is "qualitatively 
best possible". Of course, we do not claim that the dependence in n, d and h of 
the huge constant A{n, d, h) that can be extracted from the proof of Theorem 
ll.2l is optimal: this is not the case. 

The outline of the paper is as follows. In Section [2l we describe the strategy 
of the proof of Theorems II. 2| 11.31 and 11.41 In Section [3l we explain why 
we will have to work with fields of multivariate Laurent series and not only 
with ring of multivariate power series. Such fields are introduced in Section 
m where estimates about height and degree of algebraic Laurent series are 
obtained. Sections [5l [6] and [7] are devoted to the proof of Theorem 11.31 We 
prove Theorem 1 1.5 1 in Section [HI We discuss some connections of our results to 
enumerative combinatorics, automata theory and decision problems in Section 
[9l Finally, we remark in Section [10] that our proof of Theorem 1 1 . 5 1 incident allv 
provides a result about algebraic independence of G-functions satisfying the 
so-called Lucas property. The latter result is of independent interest and we 
plan to return to this question in the future. 
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2. Strategy of proof 

In this section, we briefly describe the main steps of the proof of Theorem 
fOl 

Throughout this section, we let phe a prime number, we let K he a field of 
characteristic p, and we let 

/(xi, . . . , Xn) ^ ^ '^(^1 ) • ■ • ! 'i'n)Xi • • • X^ 

(ii,...,i„)eN" 

be a multivariate formal power series with coefficients in K that is algebraic 
over the field . . . , We assume that / has degree at most d and 

height at most h. Our goal is to estimate the degree of the diagonal of / with 
respect to p. Note that without loss of generality, we can assume that X is a 
perfect field, which means that the map x i— t- x^ is surjective on K. 

Step 1 (Cartier operators). The first idea is to consider a family of op- 
erators from ivr[[xi, . . . , x„]] into itself usually referred to as Cartier operators 
and which are well-known to be relevant in this framework (see for instance 
[Ill[27l[2ll[T]). Let 

5r(xi, . . . ,x„) := ^ . . . ,i„)x\' • • -x^" 

(n,...,i„)eN" 

be an element of i^[[xi, . . . ,x„]]. For all j := (ji, . . . , j„) G := {0, 1, . . . ,p- 
l}*^, we define the Cartier operator Aj from i('[[xi, . . . , x„]] into itself by 

(2.1) Aj(g) := bipii+ji,...,pin+jn)^^Px\'---xi^. 

(ji,...,j„)eN" 

Let us denote by r2„, or simply Q if there is no risk of confusion, the monoid 
generated by the Cartier operators under composition. 

In Section O we show that the degree (resp. the height) of A(/) can be 
bounded by p^ (resp. N'^p^'^^) if one is able to find a X-vector space con- 
tained in /C[[xi, . . . , Xn]] of dimension A^, containing / and invariant under the 
action of Cartier operators. This is the object of Propositions 15. l l and 15.21 In 
order to prove Theorem ll.3l it will thus be enough to exhibit a /C- vector space 
V such that the following hold. 

(i) The power series / belong to V. 

(ii) The vector space V is invariant under the action of 

(iii) The vector space V has finite dimension A^ that only depends only on n, 
d and h. 
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Remark 2.1. — The more natural way to construct an il-invariant A'- vector 
space containing / is to use Ore's lemma, that is, to start with the existence 
of a relation of the form 

m 
k=0 

where the ^fc's are polynomials. This classical approach is for instance used 
in I27^ I2H, [T]. Furthermore, it can be made explicit in order to bound 
the dimension of the fi-invariant vector space one obtains (see for instance 
|2H U]). Unfortunately the bound depends on p. This attempt to answer 
Deligne's question can be found in [21] where Harase proved that there exists 
a number A, depending on n, d and h, such that A(/) has degree at most . 

Step 2 (The case of rational functions). In the special case where / is 
a rational function, we are almost done for it is easy to construct a ET-vector 
space V satisfying (i), (ii) and (iii). Indeed, if / is a rational power series 
there exist two polynomials A and B in K[xi, . . . ,Xn ], with B{0,...,0) = 1, 
such that / = A/B. By assumption, we can assume that the total degree of 
B and A are at most h. Then it is not difficult to show (see Section [7]) that 
the X-vector space 

V := {P{xi,. . .,Xn)/B{xi,. . . I deg(P) < /i} C K{xi, . . . 

is closed under application of the Cartier operators. Furthermore, V has 
dimension {"'~^^)- We thus infer from Propositions [5T] and [5^2] that A(/) 

(n + h\ 

is an algebraic power series of degree at most " J and height at most 

(n+/^)^^("-)+l. 

Step 3 (Rationalization). When / is an algebraic irrational power series, 
the situation is more subtle. We would like to reduce to the easy case where / 
is rational. To achieve this, the idea is to add more variables. Indeed, Denef 
and Lipshitz |14j . following the pioneering work of Furstenberg [2D], showed 
that every algebraic power series / in . . . arises as the diagonal 

of a rational power series R in 2n variables. Formally, this means that there 
exists 

R{xi,...,Xn,yi,...,yn) = ^ r-(zi, . . . ,Z2n)Xi' • • • • -2/^2" 

(n,...,j2n)eN2" 
in K{xi, . . . ,Xn,yi,- ■ ■ ,yn), such that 

^i/2(^) := Y r(ii, . . . . . . ,i„)x'/ • • -x^^ = /. 

(ii,...,i„)eN" 

Since A(i?) = A(/), we are almost done, as we could now replace f hy R and 
use the trick from step 2. The problem we now have is that this rationalization 



10 



BORIS ADAMCZEWSKI & JASON P. BELL 



process is not effective. In particular, it does not give a bound on tlie heiglit 
and degree of the rational function R in terms of the height and the degree 
of the algebraic power series / we started with. In order to establish our 
main result, we need to give an effective version of this procedure. Though 
our approach differs from that used by Denef and Lipshitz it nevertheless 
hinges on Furstenberg's original work. The main issue of Section [6] is to prove 
Theorem 16.11 which shows that one can explicitly control the height of the 
rational function R in terms oi n, d and h only. 

Remark 2.2. — Actually, we do not exactly obtain an effective version of 
the theorem of Dened and Lipshitz. What we really prove in Section [6] is that 
every algebraic power series in n variables arises as the diagonal of a rational 
function in 2n variables which does not necessarily belong to the ring of power 
series but to a larger field: the field of multivariate Laurent series. Elements of 
such fields also have a kind of generalized power series expansion (so that we 
can naturally define their diagonals). Note that these fields naturally appear 
when resolving singularities (see [26j). We introduce them in Section 2] and 
we explain why it is necessary to use them in the next section. 



3. Comments on Furstenberg's formula 

In this section, we explain why we have to work with fields of multivariate 
Laurent series in order to describe our effective procedure for rationalization 
of algebraic power series. 

3.1. The one-variable case. — Furstenberg j20j gives a very nice way to 
express a one-variable algebraic power series as the the diagonals of a two- 
variable rational power series. Though the intuition for his formula comes 
from the case where -ftT = C, it remains true for arbitrary fields. 

Proposition 3.1 (Furstenberg). — Let K be a field and f{x) G a 
formal power series with no constant term. Let us assume that P{x, y) € 
K[x,y] is a polynomial such that P{x,f) = and dP/dy{0,0) / 0. Then the 
rational function 

dP 

R{x, y) ■■= y'^-^{xy, y)/P{xy, y) 

belongs to and A(i?) = /. 

Let us now give an example where Furstenberg's result does not apply di- 
rectly. The algebraic function f{x) = — x has a Taylor series expansion 
given by 

f[x) = x- x'^/2 - + • • • e Q[[x]] . 
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We thus have P{x,f) = where P{x,y) = ip' — — x). Notice that we 
cannot invoke Proposition 13.11 as dP/dy vanishes at (0,0). However, there is 
a natural way to overcome this problem which always works with one- variable 
power series. Let us write f{x) = Q{x) + x^g{x), where Q{x) is a polynomial 
and g{x) is a power series that vanishes at x = 0. If i is chosen to be the order 
at X = of the resultant of P and dP/dy with respect to the variable y, then 
g satisfies the conditions of Proposition 13.11 In our example, the resultant is 
(up to a scalar) equal to x^{l — x) and so the order at a; = is 2. We thus 
write 

/(x) = X — x^/2 + x^g{x) 

and we see that g satisfies the polynomial equation 

4xfi((x)^ + 4(2 - x)5'(x) - X = 0. 

Set Pi{x,y) := 4xy^ + (8 — 4x)y — x. As claimed, one can check that the 
partial derivative of Pi with respect to y does not vanish at (0,0). Applying 
Furstenberg's result, we obtain that g is the diagonal of the rational function 

T{x,y) = y^ {8xy^ + 8 — 4xy) / (4xy^ + 8y — 4xy^ — xy) . 

Note that T(x, y) can be rewritten as 

^ • (8xy3 + 8y - W) (l - xy/2 - xy^ /2 - x/8)"' , 

which shows that it can be expanded as a power series. Finally, we get that / 
is the diagonal of the rational power series 

R{x, y) := xy - x'^y^/2 + x^y^r(x, y) € Q[[x, y]] . 

3.2. A two-variable example. — In the case where / is a multivariate 
algebraic power series, we would still would like to use Furstenberg's formula, 
but new difficulties appear. Let us now consider a two- variable example to see 
why the previous trick could fail in this case. Consider the algebraic power 
series 

f{x,y) = \/ y"^ — 3y^ -I- 4yx — 12y'^x + Ax"^ — 12yx^ . 

It has the following power series expansion: 

3 

f{x, y) = y + 2x - -y^ -3yx ^ G Q[[x, y]] . 

Clearly, / satisfies the polynomial equation P(x, y,z) =0 where 

P(x, y, z) = -y"^ - 3y^ + Ayx - 12y^x + 4x^ - 12yx^ . 

Unfortunately, we cannot invoke the natural extension of Furstenberg's for- 
mula in this case as the partial derivative of P with respect to z vanishes at 
the origin. 
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Remark 3.1. — Denef and Lipschitz |14j get around this problem by noting 
that, given a field -fC, the ring of algebraic power series in A'[[a;i, . . . , x„]] 
is the Henselization of the local ring R = . . . , x^Jm j where M is the 

maximal ideal (xi, . . . , rc„). The Henselization is a direct limit of finite etale 
extensions and hence the ring -R[/], formed by adjoining / to R, lies in a finite 
etale extension B of R. Because B \s a, locally standard etale extension, it 
is possible to find a generator (j) for the localization of S at a maximal ideal 
of B above M such that (j) satisfies the conditions needed in order to apply 
Furstenberg's formula. Moreover, / lies in B and hence it can be expressed 
as a i?-linear combination of powers of (j). This is enough to express / as the 
diagonal of a rational power series in ^[[xi, . . . , a;„, yi, . . . , ?/„]]. However, as 
previously mentioned, this argument is not effective. 

Remark 3.2. — All one really needs is to be able to make the ring 
K[x,y, z]/ {P) smooth at the origin. While there are supposedly "effective" 
ways of resolving singularities (at least in characteristic zero), they are rather 
sophisticated and it is not clear that these methods apply in positive charac- 
teristic. In the case that one is dealing with a one-dimensional variety, it is 
quite simple, as evidenced by the one- variable example above. The solution is 
to reduce to a one-dimensional example, by localizing K[x, y, z]/{P) at the set 
of nonzero polynomials in x and embedding this in the one-dimensional ring 
K{{x))[y, z]/(P). This seems to be the simplest way to make things effective. 

Let us come back to our example and try to apply the approach outlined 
in the previous remark. Let L := Q((a;)) denote the field of Laurent series 
with rational coefficients and consider P as a polynomial in L[y,z] and / as 
a power series in Note that / is no longer zero at {y,z) = (0,0), as it 

now has constant term /o(x) = 2x € L. Thus we must write 



where g G L[[y]] vanishes at y = and satisfies the polynomial equation 
Q{x,y,g) = 0, where 



Note that in general /o will be an algebraic power series in one-variable and 
by the algorithm described in 13.11 it can be effectively written as the diagonal 
of a two- variable rational power series. Hence we may restrict our attention 
to g. 



f{x,y) = 2x + g{x,y) 



Q{x,y,z) = z^ + 



z{Axy + Sx^) 
(y + 2x) 



+ y(12x^ - 4x + I2xy -y + 3y^) . 



The partial derivative of Q with respect to z is 22; + (4xy + 8x^)/(y + 2x). 
When we set y and z equal to zero, we obtain 4x ^ 0. We can thus use 
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Furstenberg formula if we work in z]]. Set 

dQ 

dz 



dQ 

R{x, y, z) := z'^ — {x, yz, z)/Q{x, yz, z) G Q(a;, y, z) . 



We thus have 

(4z + 2x) + z{Axyz + 8x^ 



R{x,y) 



z{yz + 2x) + Axyz + 8x^ + y(12x^ — 4x + 12xyz — yz + Sy'^z'^) 



Note that R cannot be expanded as a power series and thus does not belong 
to Q[[x,y,2;]]. However, it turns out that it has a generalized power series 
expansion as an element of the bigger field Q{{x,y,z)) (see Section U] for a 
definition). Furthermore, g turns out to be the diagonal of R in this bigger 
field. Finally, we can show that /(x, y) is the diagonal of the 4- variable rational 
function 

2z'^{4:Z + 2xt) + z{4:xyzt + 8x^t'^) 
z{yz + 2xt) + Axyzt + 8x^t^ + y{12x^t^ — 4xt + 12xyzt — yz + Sy'^z^) 

Again, this rational function belongs to Q{{x,y, z,t)) but not to Q[[x,y,z,t]]. 

Remark 3.3. — In general, it may happen that the partial derivative of Q 
with respect to z vanishes at {y,z) = (0,0). In that case, we compute the 
resultant of Q and dQ/dz with respect to the variable z. It will be of the form 
y'^S for some S that is a unit in We can then use the algorithm given 

above in the one-variable case, and rewrite 

a{x, y) = ygo{x) + y'^gi{x) -\ h y^'gaix) + y"/i(x, y), 

where go, . . . ,ga are one- variable algebraic power series and h £ L[[y]] vanishes 
at y = 0. Again, we can effectively write go, ga as diagonals using the one- 
variable argument. So we may restrict our attention to h. In this case, we find, 
by the same reasoning as in the one- variable case, that h satisfies the conditions 
of Proposition 13.11 and so we can put all the information together to finally 
express / as a diagonal of a generalized Laurent series in Q((x, y, z, t)). In the 
general case where / is a multivariate algebraic power series with coefficients 
in an arbitrary field, we argue by induction and use the same ideas combining 
resultants and Furstenberg's formula. 



4. Fields of multivariate Laurent series 



In this section, we introduce fields of Laurent series associated with a vector 
of indeterminates following the presentation of Sathaye |26j . 
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4.1. Fields of Laurent series. — Let if be a field. We first recall that the 
field of Laurent series associated with the indeterminate x is as usual defined 

by 

{+00 
a{i)x^ I no G Z and a{i) G K 
i=k) 

We then define recursively the field of multivariate Laurent series associated 
with the vector of indeterminates x = {xi, . . . , Xn) by 

K((x)) :=K{{{xi,X2,...,Xn-l))){{Xn)). 

Let us give a more concrete description of this field. Wc first define a 
pure lexicographic ordering -< on the monomials of the form x\^ ■ ■ ■ with 
(zi, . . . , z„) G by declaring that 

Xl ~< X2 ^ ■ ■ ■ ^ Xd- 

This induces a natural order on Z", which, by abuse of notation, we denote 
by -< so that 

-< (ii,...,in) 

if these n-tuples are distinct and if the largest index k such that ik 7^ jk 
satisfies ik < jk- Then it can be shown that the field K{{x.)) can be described 
as the collection of all formal series 

f{xi, . . . , Xn) = ^ ^ Q'(^l) • • • ) in)Xi ' ' ' 
(ii,...,i„)eZ" 

whose support is well-ordered, which means that it contains no infinite de- 
creasing subsequence. We recall that the support of / is defined by 

Supp(/) := {(zi, . . . G Z" I a{ii, . . . 7^ 0} . 

Definition 4-i- — Note that the valuation on K[xi, . . . ,Xn] induced by 
the prime ideal (a:„) extends to a valuation on K{{xi, . . . ,.x,„)). Wc let 
denote this valuation and we let K{{xi, . . . , Xn-i))[[xn]] denote the subring of 
K{{xi, . . . , Xn)) consisting of all elements r with f„(r) > 0. 

4.2. Algebraic Laurent series. — Given an n-tuple of natural num- 
bers (ii, . . . ,in) and indeterminates xi, . . . ,Xn, the degree of the monomial 
x^i ■ ■ ■ x^" is the nonnegative integer ii + ■ ■ ■ + i^,. Given a polynomial P in 
K[xi, . . . ,Xn], the degree of P, dcgP, is defined as the maximum of the de- 
grees of the monomials appearing in P with nonzero coefficient. A central 
notion in this paper is that of algebraic multivariate Laurent series, that is 
element of K{{xi, . . . ,x„)) which are algebraic over the field of rational func- 
tions K{xi, . . . , Xn)- 



DIAGONALIZATION AND RATIONALIZATION 



15 



Definition 4-^- — We say that f{xi, . . . ,Xn) G K{{xi, . . . ,x„)) is algebraic 
if it is algebraic over the field of rational functions K{xi, . . . ,a;„), that is, if 
there exist polynomials Aq, . . . , G -fir[xi, . . . , not all zero, such that 



i=0 

The degree of / is defined as the minimum of the positive integer m for which 
such a relation holds. 

Warning. We have introduced two different notions: the degree of a poly- 
nomial and the degree of an algebraic function. Since polynomials are also 
algebraic functions we have to be careful. For instance the polynomial 
x'^y^ G if[a;,y] has degree 5 but viewed as an element of i^[[a;,y]] it is an 
algebraic power series of degree 1. In the sequel, we have tried to avoid this 
kind of confusion. 

Definition 4-3. — Given a polynomial P{Y) € K[xi, . . . ,Xn][Y], wc define 
the height of P as the maximum of the degrees of the coefficients of P. The 
(naive) height of an algebraic power series 



is then defined as the height of the minimal polynomial of /, or equiva- 
lently, as the minimum of the heights of the nonzero polynomials P{Y) G 
K[xi, . . . , Xn] [Y] that vanish at /. 

Remark — Since K{{xi, . . . is a field, wc see that both the field 

A of rational functions K(xi, . . . , Xn) and the field B of fractions of algebraic 
power series in -fC[[xi, . . . , Xn]] embed in K{{xi, . . . , Under these embed- 
dings, we call the elements of A the rational Laurent power series and we call 
B the algebraic Laurent power series. 

4.3. Estimates about height and degree of algebraic Laurent series. 

— We now collect a few estimates about height and degree of algebraic Lau- 
rent series that will be useful for proving our main result. 

Lemma — Let m and n be natural numbers and let di,...,d„i and 
hi, . . . , hm be integers. Suppose that /i, . . . , /m £ K{{xi, . . . , Xn)) are m alge- 
braic Laurent power series such that fi has degree at most di and height at most 
hi for each i. Suppose that yli, . . . , Am are rational functions in K{xi, . . . , Xn) 
whose numerators and denominators have degrees bounded above by some con- 
stant d. Then the following hold. 



m 
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(i) The algebraic Laurent series A\f\ + • • • + Amfm has degree at most 
di - ■ ■ dm and height at most m{di ■ ■ ■ (im)(max(/ii, . . . , hm) + d). 

(ii) The algebraic Laurent series /i • • • /m has degree at most di - ■ ■ dm and 
height at most m{di ■ ■ ■ dm) max(/ii , . . . , hm) ■ 

Proof. — Let V denote the K{xi, . . . , 3;„)-vector space spanned by all mono- 
mials 

{fi'---fm I 0<^l<dl,...,0<^m<dm}. 
Then V is a K{xi, . . . , x„)-algebra that has dimension at most di - ■ ■ dm over 
K{xi, . . . , Xm)- Note that Aifi + • • • + Amfm induces an endomorphism (p of 
V by left multiplication. 

Let us suppose that fi has degree < di over K{xi, . . . , Xn) with min- 
imal polynomial l^fc=oQ«,fc^* ^ K[xi, . . . ,Xn][Y]. Then the field extension 
Ki = K{xi, . . . ,Xn){fi) is a K(xi, . . . ,x„)-vector space of dimension and 
{fi I < k < Ci} forms a basis of this vector space. 

Let 

R = Ki(g) K2(^ ■ ■ ■ Km, 
where the tensor products are taken over K{xi, . . . ,Xn)- Then i? is a 
K{xi, . . . , x„)-vector space of dimension ei • • • and 

{ft ®fi^®---®ft\^< ji < ei for i = 1, . . . ,m} 

forms a basis of this vector space. 

We note that R'ls a K{xi, . . . , 3;„)-algebra, since each Ki is a K{xi, . . . , Xm)- 
algebra. We regard i? as a module over itself. We then have a surjective 
K( Xi, . . . , 3;„)-algebra homomorphism g : R ^ V given by a\® • • • ®CLm ^ 

01^2 • • • O-m- 

Next, we let gi be the element 1 (8) • • • (8) (8) • • • 1 in i?, where we put Is 
in every slot except for the i-ih slot, where we put fi. Now, we can lift to 
an K{xi, . . . , Xn)-vector space endomorphism $ of defined by 

^>(r) = (^151 + • • • + AmQm) ■ r , 

for every r in R. Note that we have 

(4.2) 5(^(r))=0(<7(r)), 

for all r £ R. We infer from ()4.2p that the characteristic polynomial P of $ 
will also annihilate the endomorphism cj), since g is surjective. 

Let Ri be a nonzero polynomial in K[xi, . . . , Xm] of degree at most d with 
the property that AiRi is also a polynomial. Let H := max{hi, . . . ,hm}. 

Observe that {Aigi-\ h^mffm) • (/^ "2^/2^ ' ' '^fm) is a K{xi, . . . , 3;„)-linear 

combination of tensors fl^ (8 f^^ ■ ■ ■ ® frn with numerators and denominators 
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of degrees bounded hy H + d and each denominator dividing Qi^eiRi for some i 
(note that by definition Qi^ei is nonzero). Thus, using a common denominator 
Qi,ei • • • Qm^em^i ' ' ' we See that the endomorphism <I> can be represented 
by a ei • • • Cm x ei • • • matrix whose entries are rational functions with a 
common denominator Qi^ei • • • Qm,emRi " " " Rm and with numerators of degree 
at most m{H + d). 

This gives that P, the characteristic polynomial of has height at most 
(ei • • • em){H + d)m (and of course deg ree equal to 61 • • • 6^,). It follows that 
^1/1 + • • • + ^mfm has height at most m{di • • • dm){H + d) and degree at most 
d\ - ■ ■ dm, as required. 

A similar argument in which we lift "0) the endomorphism given by left 
multiplication by fi ■ ■ ■ fm, gives that /i • • • /m has degree at most di - ■ ■ dm 
and height at most m{di ■ ■ ■ dm)H. □ 

Lemma 4-2- — Let f £ K{{xi, . . . ,x„)) be algebraic of degree d and height 

at most h. Then \i^nif)\ ^ h and Xn'^"^^^ f is algebraic of degree d and height 
at most h{d + 1). 

Proof. — Let j := I'nif)- By assumption / satisfies a non-trivial polynomial 

equation of the form Paf^ H + Pif + Pq = with PdPo / and with 

the degrees of Pq, ■ ■ ■ ,Pd bounded above by H. Then g := Xn'' f satisfies a 
polynomial equation of the form 

(4.3) Pda;;^V + • • • + Pix-'g + Po = 0. 

If \j\ > h then {vn{PiXn'^^ g^) I Q <i < d} are all distinct, and hence Equation 
(|4.3p cannot hold, a contradiction. By multiplying by an appropriate power 
of /, we see that the height of Xn"'/ is at most dj + h < h{d +1). □ 



Note that, by definition of the field K{{xi, . . . , Xn)) , every / G 
K{{xi, . . . , Xn)) has a unique infinite decompostion 

+00 

(4.4) /= E 

where fi £ K{{xi, . . . ,Xn-i)) and f^^(f) / 0. For every nonnegative integer 
k, we set 

(4.5) 5.„(/)+fc ■■= ^n"'-^^'' / - E 
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For every integer r > I'nif), we thus have the following decomposition: 

r 

(4.6) /= E f^< + <9r. 

Lemma 4-3. — Let d and h he natural numbers and let f be an algebraic 
element of K{{xi, . . . ,Xn)) of degree at most d and height at most h over 
K(xi, . . . ,Xn)- Then, for every nonnegative integer k, the following hold. 

(i) The Laurent series fu^i^f)+k 'i'^ algebraic over K{xi, . . . Xn-i) of degree at 
most d'^'' and height at most S^'^^d'^''^^ h. 

(ii) The Laurent series g,y^(^f)+k algebraic over K{xi, . . . ,x„) of degree at 
most d^*'^^ and height at most 8*^"'"^ci^'^*^^/i. 

Proof. — We prove this by induction on k. We first assume that k = 0. Set 
j := i^nif) and g = Xn'^f. By Lemma 14.2^ g satisfies a polynomial equation of 
the form 

d 
1=0 

where the Qi have degree at most h{d + 1) and such that VniQi) = some i. 
Let us denote by (p the canonical homomorphism from K{{xi, . . . , 
to K{{xi, . . . ,Xn~i)) given by x„ i— )• 0. Then 

/ d \ d 

\i=0 / i=l 

and so fj is an algebraic Laurent series over K{xi, . . . ,Xn-i) of degree at 
most d and height at most h{d + 1). Also by Equation (|4.5|) we have that 
gj = fxn'' — fj. Lemma 14.11 implies that gj is algebraic over K{xi, . . . , x„) 
with degree at most and height at most 2d'^{h{d + 1) + 1) < 8d^h. This 
establishes the case A; = 0. 

Now suppose that the claim is true for all natural numbers less than k, for 
some nonnegative integer k. Let us first note that fu„{f)+k+i = 4'{9un(f)+k/ ^n)- 
Using Lemma 14.21 we get that 

(4-7) deg/^„(/)+fc+i < deg^^^(j)+fc 

and 



(4.8) 



Kfv„{f)+k+i) < (deg5j.„(/)+fc + l)/i(5z.„(/)+fe) 
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Prom these relations we deduce by induction that fv„{f)+k+i has degree at 
most and height at most (^2'+' + d^-"^"^^ h) < S'^+'^d^"^'' h, as 

required. 

On the other hand, we have the relation 

_ -1 r 

By Lemma l4.1l and Inequalities ()4.7p and (|4.8p . we obtain that 

(4.9) deg5^4j)+fc+i < deg • deg < {deg g^^^j^+k? 
and 

^(5'z.„(/)+fc+i) < 2(degs-2^(^)+^,) • (max(/i(/^„+fc+i),/i(5r^,^(j)+fc)) + 1) , 
which gives 

(4.10) H9u„(f)+k+i) < Kd(ig9u„(f)+kfh{9u„{f)+k) ■ 

Prom Equations (|4.9p and (|4.10p . it follows directly by induction that g,y„(/)+fc 

has degree at most d^^*^ and height at most S^^^d^''^''^^ as required. This 
ends the proof. □ 



5. Cartier operators and diagonals 

Throughout this section K will denote a perfect field of positive character- 
istic p. We recall that a field K of characteristic p is perfect if the map x i— )• 
is surjective on K. We introduce a family of operators from K{{xi, . . . ,Xn)) 
into itself, usually referred to as Cartier operators. With these operators is 
associated a Frobenius-type decompositon given by Equation ()5.12p and which 
is well-known to be relevant in this framework. We show that it is possible to 
bound the degree of the diagonal A(/) of a Laurent series / in K{{xi, . . . , 
by finding a finite-dimensional iT-vector space contained in K{{xi, . . . ,Xn)), 
containing / and invariant under the action of Cartier operators. 

Let 

f{xi,...,Xn) := ^ a{ii,...,in)x\^ ■■■xl^ e K{{xi,...,Xn)) . 

{«!,.. .,i„)eZ" 

Por all j := {ji,---,jn) £ '■= {0, — 1}", we define the Cartier 

operator Aj from K{{xi, . . . , Xn)) into itself by 

(5.11) Aj(/) := Yl aiph+ju...,pin+jn)'^''x\^---xi-. 
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Note that the support of Aj(/) is well-ordered and thus Aj(/) G 
K{{xi,... , Xn))- We have the following useful decomposition: 

(5.12) / = ^Aj(/f <...4". 

Let us denote by or simply J7 if there is no risk of confusion, the monoid 
generated by the Cartier operators under composition. We then prove the 
following result. 

Proposition 5.1. — Let W he a K -vector space of dimension d included in 
K{{xi, . . . , Xn)) and invariant under the action of J7. Then for every f G W, 
the Laurent series A(/) G K{{x)) is algebraic over K{x) with degree at most 
/. 

Proof. — Let f{xi, . . . , x„) be a Laurent series in W. Let us first remark that 
A is a X-linear operator. The set 

A{W) := {A{g) \ g € W} 

is thus a i^- vector subspace of i^[[a;]] whose dimension is at most equal to 
d. Let r, 1 < r < d, denote the dimension of this vector space. Let 
fi{x), . . . , fr{x) G A(l^) be a basis of K{x) (g)^ A(VF), the if(x)-vector space 
generated by the elements of A(W). 

For every integer i G {0,...,p — 1} and every g(xi,...,Xn) G 
K{{xi, . . . ,Xn)), we have that 

A,(A(5)) = A(A(,_,)(5)). 

Thus A(Ty) is invariant under the action of fli. Using, for z G {1, . . . ,r}, the 
Probenius decomposition 

p-i 

f,{x) = j2t'Mm)', 

we get that 

r p— 1 

fiix) = ^^ri^j^t{x)fj{x)Px\ 
j=i e=o 

for some rational functions rij^i{x) in K(x). There thus exist rational functions 
Ri,j{x)^ (iJ) -^ry, so that 

r 

fi{x) = J2RiA^)fj{^)''- 

We claim that the matrix 



M := (Rijix)) 
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belongs to GLr{K{x)). Indeed, if M were not invertible there would exist a 
nonzero vector (Ti(x), . . . ,Tr{x)) G K{xY such that 

(ri(x),...,r,(x))M = o. 

This would imply the relation 

r 

i=l 

and we would have a contradiction for /i ,...,/,. is a basis of the vector space 
K{x)(^K '^(W). By inverting M, we immediately obtain that for every integer 
1 < « < the Laurent series ff belongs to the K{x)-yector space generated 
by /i , . . . , /r . Then the field 

L:=K{x){fi,...Jr) 

is a finite dimensional i^(x)-vector space spanned by the elements of the set 

{/r---/;" I 0<k,...,ir<p} . 

In particular we have that [L : K{x)] < < p'^. Now, since / £ W, we have 
A(/) E L and thus [K{x){A{f )) : K{x)] < p'^. This ends the proof. □ 

We complete Proposition 15.11 bv showing that, under the previous assump- 
tions, it is also possible to bound the height of the Laurent series A(/). 

Proposition 5.2. — Let W he a K -vector space of dimension d included in 
K{{xi, . . . , Xn)) and invariant under the action of $7. Then for every f G W , 
the Laurent series A(/) G K[{x)) is algebraic over K{x) with height at most 
d^p<^+^. 

Proof. — Let / G W . We already showed in the proof of Proposition 15.11 that 
there is a X-vector space A(PF) of dimension r < d that is invariant under the 
action of the Cartier operators and that contains A(/). Let{gi, . . . ,gr} be a 
iC-basis of A{W) with gi = A(/). Then we have 

r 

M9j{x)) = ^cl'^^gk{x) 

k=l 

(k) 

for some constants c- J in K. Furthermore, we have that 

1=0 
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We thus see that each gj{x) can be expressed as a polynomial-hnear com- 
bination of gi{xP), . . . , Qr^x''') in which the polynomials have degrees uni- 
formly bounded by p — 1. In other words, there is a matrix- valued function 
A{x) G Mr{K[x]), in which every entry has degree at most p — I, such that 

v(x) = A{x)\r{xP), 

where v(x) := [gi{x), . . . , gr{x)]'^ . Note that det(yl(a;)) is nonzero, since if 
it were, we would have a nonzero row vector w(x) such that 'w{x)A{x) = 0, 
which would give w(x)v(x) = 0, contradicting the independence of gi, ■ ■ ■ ,gr- 
Then B{x) = A{x)~^ is a matrix whose entries are rational functions. Using 
the formula for the inverse in terms of minors, we see that the entries of 
B{x) are each of the form c{x)/d{x), where c{x) is a polynomial of degree at 
most (r — — 1) and d{x) is the determinant of A{x), which is a nonzero 
polynomial of degree at most r{p — 1). 
By induction, we see that 

v{xP'^') = B{xP' ) ■ ■ ■ B{x)v{x) , 

for every nonnegative integer s. Now let denote the r x 1 column vec- 
tor whose ith coordinate is 1 and whose other coordinates are 0. Then 
ej ,ei B{x), . . . , ef B^x^"^) ■ ■ ■ B{x) are r + 1 row vectors of length r with 
rational function coordinates. Moreover, all the coordinates can be writ- 
ten over the common denominator d{x) ■ ■ ■ d{x'P ), which has degree at most 
r{p — 1) + r{p — l)p + • • • + r{p — l)p^ < rp^"*"^, and the numerators all have 
degrees bounded by rp^'+^. It follows that they are linearly dependent, and by 
clearing the denominator and applying Lemma l5.ll we see that they satisfy a 
non-trivial dependence relation 

r 

Y,Q^{x)eJB{xP')■■■B{x) = 0, 
in which QQ,...,Qr are polynomials whose degrees are all bounded by 



Y,Qiix)ejB{xP')---BixMx) = 0, 



i=0 



and hence 



Y,Qi{x)gi{xP') = 0. 

i=0 

Since gi = A(/), we get the required bound on the height. □ 
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Lemma 5.1. — Let K be a field and let r and H he natural number. Suppose 
that Wo, . . . , Wr are r+1 row vectors in K[xY whose coordinates all have degree 
at most H . Then there exists a non-trivial dependence relation 

r 

^Qi{x)-Wi = 0, 

i=0 

in which Qo{x), . . . ,Qr{x) are polynomials in K[x] whose degrees are all 
bounded by Hr. 

Proof. — Let j be the largest natural number for which wq, . . . , Wj are linearly 
independent. Then j < r. Since some {j + 1) x {j + 1) minor of the (j + 1) x r 
matrix whose iih row is Wj is nonzero, it is no loss of generality to assume 
that the "truncated" row vectors obtained by taking the first j + 1 coordinates 
of each of wq, . . . , are linearly independent. Let Wq, . . . , denote the 
truncated vectors of length j + 1. 

Using Cramer's rule, we see that there is a non-trivial solution [Pq,... , Pj+i] 
to the vector equation 

in which Pj+i = —1 and for k < j, P^ is given by a ratio of two j x j 
determinants; the denominator is the determinant of the (j + 1) x (j + 1) 
matrix whose ith row is and the numerator is the determinant of the 
(j + 1) X (j + 1) matrix whose ith row is unless i = k, in which case the 
row is given by w^_|_^. We note that the degrees of the numerators and of the 
common denominator are all bounded by H(j + 1) < Hr. By clearing the 
common denominator, we get a polynomial solution 

i+i 

i=0 

in which the Qi have degrees uniformly bounded by Hr. By construction, 

i+i 

^Qi{x)wi = 0, 

and the result now follows by taking Qk{x) = for j + 2 < A; < r. □ 

6. Rationalization of algebraic Laurent series 

Throughout this section, K will denote an arbitrary field. It is known 
that every algebraic power series in . . . , a;„]] arises as the diagonal of a 

rational power series in 2n variables. This result is due to Denef and Lipshitz 
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|14| who used an idea of Furstenberg |20] . It is inefective in the sense that 
it does not say how large the height of the rational function can be with 
respect to the height and degree of the algebraic power series we start with. 
In order to establish our main result, we need to prove an effective version 
of this rationalization process for algebraic Laurent series in K{{xi, . . . ,Xn))- 
Though our approach differs from the one of Denef and Lipshitz it is also based 
on Furstenberg's pioneering work. 

Let us first recall some notation. Given a Laurent series in 2n variables 

f{xi,...,X2n)-= ^ a{ii,...,i2n)Xi ■■■x'^;^ £ K{{xi,...,X2n)) , 

(il,...,i2n)eZ2" 

we define the diagonal operator A1/2 from K{{xi, . . . ,X2n)) into 
K{{xi,...,Xn)) by 

^i/2(/) := X] a{ii,...,in,k,---,in)xi ■■■x'^ . 

{il,...,in)eZ" 

We are now ready to state the main result of this section. 

Theorem 6.1. — Let d and h he natural numbers and let f{xi, . . . ,Xn) G 
K{{xi, . . . ,Xn)) be an algebraic Laurent series of degree d and height at most 
h. Then there is an explicit number N{n, d, h) depending only on n, d and h, 
and a rational Laurent power series R € K{{xi, . . . , Xn, Vi, ■ ■ ■ Vn)) of height at 
most N{n, d, h) such that f = Ai/2{R)- 

In order to prove Theorem 16.11 we will prove three auxiliary results. We 
also need to introduce a third type of diagonal operators. Given a Laurent 
series in n + 1 variables 

f{xi,...,Xn,y):= ^ a{ii,...,in+i)xi ■■■x'^y'-"+^ 
(n,...,i„+i)eZ"+i 

in K{{xi, . . . ,Xn,y)), we define the diagonal operator Axn,y from 
K{{xi, . . .,Xn,y)) into K{{xi, . . . by 

^Xn,y{f) ^ ^ Cli^ii, . . . , in, in)Xi • • • X^ . 

(ii,...,i„)eZ" 

Our first auxiliary result is essentially (an efective version of) Furstenberg's 
lemma. We include a proof here for completeness. 

Lemma 6.1. — Let P{xn,y) G K{{xi, . . . ,Xn-i))[xn,y] be a polynomial of 
degree at most d in x„ and y and suppose that all coefficients appearing in P 
are algebraic elements of K{{xi, . . . ,Xn~i)) of degree at most do and height 
at most h. Suppose that f{xi, . . . G K{{xi, . . . is a solution to the 



DIAGONALIZATION AND RATIONALIZATION 



25 



equation P{xn,f) = with fn(/) > 1 and that dP/dy does not belong to the 
ideal {xn,y)K{{xi, . . . Then 

dP 

R{xn,y) := y^—{xny,y)/P{xny,y) 
dy 

is a rational function of the variables Xn and y that belongs to 
K{{xi, . . . , Xn-i))[[xn,y]] and such that 

Ax„,, m = f- 

Furthermore, the numerator and denominator of R have total degree at 
most 2d + 1 in Xn and y and their coefficients are algebraic elements of 
K{{xi, . . . ,Xn-i)) of degree at most do and height at most h. 



Proof. — We first observe that our assumptions on P ensure that both poly- 
nomials y'^dP/dy{xny,y) and P{xny,y) have total degree at most 2d+l in Xn 
and y. It also implies that the coefficients of these polynomials are algebraic 
elements of K{{xi, . . . of degree at most do and height at most h. 

Since y = /(xi, . . . ,x„) is a solution to the equation P{xn,y) = 0, we see 
that 



(6.13) P{xn,y) = {y- f{xi,...,Xn))Q{xi,...,Xn,y), 

for some nonzero polynomial Q G K{{xi, . . . Xn-i))[[xn]][y]- Differentiating 
(|8.29|) with respect to y, we get that 

Looking modulo the prime ideal {t^, y) and using the fact that dP/dy does 
not vanish at {xn,y) = (0,0), we infer from ()8.30p that Q is nonzero when 
evaluated at {xn,y) = (0,0). Hence Q is a unit in the power series ring 
K{{xi,. . .Xn-i))[[xn,y]]- Then Equations ([8:29]) and (l830]l give 
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Thus 



R{Xn,y) = ■ ^{xi,...,Xn-l,Xny,y) 



+ 



-P(xi, . . . , Xn—1; 


:Xny,y) 


y' 




y- f{xi,...,x, 


n—li Xny) 


y' 




Q{xi, . . . , Xn—l- 


,xny,y) 


y 




l-y-V(xi,.. 


■ ) Xfi—l, X; 


y' 





^{xi,...,Xn-l,Xny,y) 



+ 



{xi,...,Xn-l,Xny,y). 



Q{xi,. . . ,Xn-i,Xny,y) dy 

Furthermore, since Vn{f) > 1, we have that 1 — . . . , 

is a unit in the ring K{{xi, . . . Xn^i))[[xn,y]]- We thus obtain that R G 
K{{xi, . . .Xn-i))[[xn,y]]- On the other hand, since 1/Q ■ dQ/dy belongs to 
K{{xi, . . .Xn-i))[[xn,y]], we clearly have 



A f 2^^, 



, Xn—1, Xjiy, , Xji—l, Xny, y) =0. 



Thus 



= ^^Xn,y{y^~^f{xi,...,Xn-l,Xny)) 
j>Q 

~ ^Xn,y if {xij ■ • • J Xfi—i, x^y)) 

~ f {xii ■ ■ ■ 1 Xfi) ■ 

This ends the proof. □ 

In the previous result, we make the assumption that our algebraic Laurent 
series / is a root of a polynomial P such that dP/ dy does not belong to the 
ideal (x„, y)K{{xi, . . . , x„_i)) [xn, y]- We now remove this assumption. 

Lemma 6.2. — Let P{xi, . . . , Xn,y) G K[xi, . . . ,Xn][y] be a nonzero poly- 
nomial of degree d > 2 in y and suppose that the coefficients of P (in 
K[xi, . . . ,Xn]) all have degree at most h. Let f be an algebraic Laurent se- 
ries in K{{xi, . . . ,Xn))- Suppose that Vn{f ) = 1 O'fid that f satisfies the 
polynomial equation P{xi, . . . , Xn, f) = 0. Then there is a rational function 
R G K{{xi, . . . Xn-i)){xn, y) such that the following hold. 

(i) One has f = A^^^yiR) . 
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(ii) The numerator and denominator of R have total degrees at most h{2d — 
l){2d + 1) + 2/i + 1 in Xn and y. 

(iii) The coefficients of R are algebraic Laurent series in K{{xi, . . .Xn~i)) of 
degree at most d'^'^^^'' and height at most d^'^^'^'^''^''' ^\ 

Proof. — We first note that if dP/dy does not belong to the ideal 
2/)-fC((xi, . . . , y], then the result follows directly from Lemma 

16.11 (with much better bounds). We thus assume from now on that dP/dy G 

{Xn,y)K{{xi,.. . ,Xn-l))[x„,7/]. 

By assumption i^nif) = 1- We thus infer from Equation ()4.6p that for every 
positive integer r, we have the following decomposition: 

/ ~ flXn + ■■■"!" frX^i ~\~ X^gr , 

where fi, . . . , fr are algebraic Laurent series in K{{xi, . . . , and gr is an 

algebraic Laurent series in K{{xi, . . . , Xn)) with Vn{gr) ^ 1- Our aim is now to 
prove that, for a suitable r, g^. does satisfy a polynomial relation as in Lemma 

EH 

Let S{xi,...,Xn) G -fC[xi, . . . Xn] denote the resultant with respect to 
the variable y of the polynomials P and dP/dy. Since by assumption 
P e {Xn,yn)K[xi, . . . ] and dP/dy G {xn-,yn)K{{xi, . . . ,Xn-i))[x 

we get that S G XnK[xi, . . . ,Xn]- There thus exists a polynomial T G 
K[xi, . . . ,Xn] with UniT) = and a positive integer r such that S = x^T. 
Furthermore, using the determinantal formula for the resultant, we obtain 
that S is the determinant of a {2d — 1) x {2d — 1) matrix whose entries are 
polynomials in K[xi, . . . , Xn] of degree at most h. It follows that 

(6.15) r<h{2d-l). 

Set V{xi, ... ,Xn) ■■= fiXn + • • • + frx'n- Denoting by Ai{xi, . . . ,Xn) the 
coefficients of P, we get that 

d 

Ai{xi, ...,Xn){V + xlgrY = . 

Setting 

1 

(6.16) Bi{xi,. . . ,Xn) := -77 • -^—{xi,...,Xn,V{xi,...,Xn)), 
we easily check that 

d 

(6.17) ^Si(xi,...,x„)«9r)' = 0. 

Moreover, we note that each Bi is a polynomial in x„ of degree at most {d — 
i)r + h whose coefficients are algebraic Laurent series in K{{xi, . . . , x^-i))- 
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On the other hand, since S is the resultant of P and dP/dy with re- 
spect to the variable y, there exist two polynomials A(xi, . . . , Xn,y) and 
B{xi, . . . , Xn, y) in K[xi, . . . , Xn-,y] such that 

dP 

(6.18) S = AP + B—- 

dy 

Note that 

P{xi,. . . ,Xn,V) = P{xi,...,Xn,V) - P{xi,...,XnJ) 
= {V-f)C{x^,...,Xn) 
— ■^ndrC (^Xi, ... 1 

for some C £ K{{xi, . . . , x^-i)) [[x„,]]. Thus x^^^ divides 

P{xi, ...,Xn,V) 

in K{{xi, . . . , Xn-i))[xn]- Substituting y = V into Equation ()6.18p gives 

) - A{xi, ...,Xn, V)P{xi, ... , {Xn, V) 

dP 

= B{xi, ...,Xn, V)- (Xi, ...,Xn,V). 

C'lln 

It follows that 

fdP 

Un{Bl) = Un -T-{XI, ...,Xn,V) 



dy 

and thus Vn{Bj^x^^) > 2r for every k, 1 < k < d. Then Equation (|6.17|) 
implies that VniBo) > 2r + 1 since Vnidr) ^ 1- In particular, for every integer 
k, < k < d, the quantity := B^x^J^ /x'^ belongs to K{{xi, . . . ,x„_i))[xn]. 
Setting 

d 

Q{xi,.. .,Xn,y) ■■= ^Ci(xi, . . . ,Xn)y' , 
i=0 

we obtain that Q is a polynomial in Xn and y whose coefficients are algebraic 
Laurent series in K{{xi, . . . and such that Q(xi, . . . ,Xn,gr) = 0. Fur- 

thermore, since VniOr) > 1 and t'„(Ci) = 0, we have that dQ/dy does not 
belong to the ideal {xn,y)K{{xi, . . . ,Xn-i))[xn,y]. It follows that the pair 
{Q,gr) satisfies the assumption of Lemma l6. II 



In order to apply Lemma 16.11 it just remains to estimate the degree of Q 
in Xn and y and also the height and the degree of the coefficients of Q (as 
algebraic Laurent series in K{{xi, . . . , x^-i))). 

First, an easy computation using (j6.16p and the definition of V gives that 
the degree of Q in x„ and y is at most 

(6.19) di:=dr + h. 
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On the other hand, we infer from Lemma 14.31 that each /j is an algebraic 
Laurent series in K{{xi, . . . ,Xn-i)) with degree at most and height at 

most 8*(i^'^ h. Then Lemma l4.ll imphes that V{xi, . . . ,Xn) is a polynomial 
in Xn whose coefficients are algebraic Laurent series in K{{xi, . . . , Xn-i)) with 
degree at most d^"^"^ and height at most rd^'^~^(8^(i^'^^^/i + r) < 2r8^(f'^^^ h. 
We also note that for every k, 1 < k < d, is a polynomial in x„ whose 
coefficients are algebraic Laurent series in K{{xi, . . . ,Xn-i)) with degree at 
most while Lemma [4.11 implies that the height of these coefficients is at 

most /c((i'^' ~^)'^2r8'"(i^'^^ h. Furthermore, the definition of i?^ implies that 

for every integer k, < k < d. Lemma |4. II thus gives that Bk is a polynomial 
in Xn whose coefficients are algebraic Laurent series in K{{xi, . . . , x„_i)) with 
degree at most d'^ ~^ and height at most 

{d-k + l){d^'-^Y-^+\k{d^''^f2r8'd^^^\ + h) . 

It follows finally that Ck is a polynomial in Xn whose coefficients are algebraic 
Laurent series in K{{xi, . . . of degree at most 

(6.20) d2 := d^''"^ 
and height at most 

(6.21) h2 := (d + l)(d2''-i)rf+i(d(d2''-i)'^2r8'^d2'-+2^ ^ _ 

We now infer from Lemma 16.11 that there is a rational function U G 
K{{xi, . . . , Xn-i)){xn,yn) whosc numerator and denominator have total de- 
gree at most ds := 2di + 1 in x„ and y„ such that Ax„^y{U) = Qr- Moreover, 
the coefficients of U are algebraic Laurent series in K{{xi, . . . , of degree 

at most d2 and height at most /i2. 

Then setting R := (x„y)''C/(xi, . . . ,Xn,y) + V{xi, . . . ,x„_i,x„y), we easily 
obtain that 

A.„,,(i?) = /. 

Furthermore, i? is a rational function in the variables Xn and y whose numer- 
ator and denominator have degree at most 

d3 + r< h{2d - l)(2d + 1) + 2/i + 1 . 

This proves (i) and (ii). 

It thus remains to prove that (iii) holds. Note that by construction all 
coefficients of R are algebraic Laurent series in K{{xi, . . . , Xn-i)) that belong 
to the field extension K{xi, . . . , x„_i)(/i, . . . , /,.). It follows that they all have 
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degree at most cP"^ ^ (the product of the degree of each /j). Furthermore, we 
infer from (|6.15|) that d?'^^^ < (p'^^^'^ as required. 

Note also that the denominator of {xnVnYU {xn-,yn)+y {xnVn) can be chosen 
to be the same as that of U . The numerator, however, is a sum of at most r + 1 
elements, each of which is of the form fg, where / and g are algebraic elements 
in K{{xi, . . . ,Xn-i)) with degree at most d2 and height at most /i2- Lemma 
14.11 gives that each product has height at most 2^3/12. Applying Lemma l4.ll 
again, we obtain that the coefficients appearing in R are algebraic elements of 
K{{xi, . . . , Xn-i)) whose heights are all bounded by 

hs := (r + 1)4+1 (2d^/i2 + l). 

A simple computation using ()6.15p . (|6.20p and ()6.2ip . shows that /13 < 
^8(i/i2'"(2'* 1) ^ required. This ends the proof. □ 

Lemma 6.3. — Let M,d and h be positive integers and let f{xn,y) be a 
rational function in K{{xi, . . . , Xn-i)){xn, y) defined by 



f{xn,y) :-- 



0<i,j<M 
0<hj<M 



where each aij and Pij are algebraic Laurent series in K{{xi, . . . with 
degree at most d and height at most h. Then there are two polynomials 

A{xn,y) = ^ jijxl^y^ e K{{xi,... ))[xn,y] 

0<jj<(M-l)dM^ 

and B{xi, . . . ,Xn,y) G K[xi, . . . , Xn,y] such that the following conditions hold. 

(i) / = A/B. 

(ii) The polynomial B has total degree at most [h + 2M — 2)d^^ . 



(iii) Each jij is an algebraic Laurent series 

in the field K{{xi, . . . ,Xn-i)) with degree at most d^'^'^^^^'^^ and height 



2 d" 



at most M2(<^*' )rf{rf+i)M2.M V J ^A-P^id^ 

Proof — For every {i,j) E {0, . . . , M - 1}^, we denote by Pi,j{X) e 
K[xi, . . . , the minimal polynomial of over K{xi, . . . , Xn-i). By 

assumption, Pij has degree dij < d in X and its coefficients have total de- 
gree at most h. The polynomial Pij can be split into linear factors in an 
algebraic closure, say L, of K{xi, . . . ,Xn^i). There thus exist a polynomial 
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Cjj(xi, . . . , G K[xi, . . . , Xn-i] and (possibly equal) algebraic elements 



(6.22) 



?{2) 



in L such that 



k=l 

Let us define the polynomial 

C{xi,. . . ,Xn~l) := Yi Ci J [Xi, ... ,Xn-l) 
0<i,j<M 

and the set 

S:= J] {l,...,dij}. 



0<i,j<M 



We thus note that 

(6.23) B{xi,...,Xn,y):=C' 



n 



(fco,o,...,fcM-i,M-i)e5 \0<iJ<A/ 

belongs to K[xi, . . . ,Xn,y]- Indeed, by construction, for every G 
{0, ...,M — 1}^, B is dt symmetric polynomial in the 1 < A; < dij, 

and thus the result follows from Equation (|6.22p . 

Now, set 

/ \ 

B{xi, ...,Xn,y) 



(6.24) A{xn,y):-- 



J-^^nV j \0<i,j<M 
\0<j,j<M / 

The assumptions made on the /3jj and the jij, and the definition of B ensure 
that A belongs to K{{xi, . . . , Xn-i))[xn,y] and has total degree at most (M — 
l)d^ in x„ and y. This shows the existence of algebraic Laurent series jij G 
K{{xi, . . . , such that 

A{Xn,y) = E lij^W ■ 

0<j,i<(M-l)dAf2 

Furthermore, the definition of A implies that / = A/B. Thus (i) is satisfied. 

We infer from ()6.23p that B has total degree at most (M — l)d^^^ in x^ 
and y. Also, for each i and j, the coefficient of x\^y^ in i? is a polynomial of 
degree at most d^^ in the coefficients of Bij{X) and hence has total degree 
at most h ■ d*^^ in xi, . . . , We deduce that B has total degree at most 

{h + 2M - 2)(i*^^ which proves (n). 
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Now, let E denote the field extension of . . . , formed by ad- 

joining all the aij and all the /3g^ Then [E : K{xi, . . . ,x„_i)] < 
By definition of A, the coefficients jij all belong to E and are thus all al- 
gebraic Laurent series of degree at most (/(f^+i)*^^. Furthermore, it follows 
from ()6.24p that each jij can be obtained as a sum of at most M^*^^^ al- 
gebraic elements, each of which is a product of d*^^ algebraic elements of 
degree at most d and height at most h. Using Lemma 14.11 we get that 
the 7jj are all algebraic Laurent series over K{xi, . . . , Xn~i) of height at 



2( d"'^'' 



most M2(^" )^(d+i)M2-Af V J^M^^idM p^Q^gg ^..j^ concludes 

the proof. □ 

We are now ready to prove the main result of this section. 

Proof of Theorem \6.1\ — We prove this by induction on n. Let 
G K{{xi, . . . ,Xn)) be an algebraic Laurent series of degree at 
most d and height at most h. 

We first infer from Lemma 14.21 that I'nif) ^ h. Furthermore, arguing as for 
the proof of Lemma 14.21 we get that / := Xn'^"^'^^^^ f is an algebraic Laurent 
series of degree at most d and height at most hd. We also note that by 
definition fn(/) > 1. 

Let us prove the case where n = 1. By Lemma l6.2| there exist a rational 
function R{xi,y) G K{xi,y) whose height is at most hd{2d — l){2d -|- 1) -|- 
2hd + l and such that Ai/2(i2) = /. Thus, S{xi,y) := {xiyy^'^f^-^R{xi,y) is 
a rational function whose height is at most 2h + hd{2d — \){2d + 1) + 2hd + 1 
and such that Ai/2('S') = /• This proves the case n = 1 with N{l,d,h) := 
hd{2d - l){2d + 1) + 2h{d + + 

Let us assume now that n > 2 is a fixed integer and that the conclusion 
of the theorem holds for every natural number less than n. By Lemma 16.21 
there exists a rational function R{xn,yn) £ K{{xi, . . . , Xn-i)){xn,yn) such 
that / = Ax„^y„{B). Furthermore, the numerator and the denominator of R 
have degree at most 

M := hd{2d - l){2d + l) + 2hd + l 

in Xn and y„ and the coefficients of R are algebraic Laurent power series in 
K{{xi, . . . ,Xn~i)) of degree at most 

do := d 

and height at most 
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By Lemma [Ol we may write R{xn,yn) as A{xn,yn)/B{xi,X2, . . . ,Xn,yn) 
where i? is a polynomial in K[xi,. . . ,Xn,yn] of total degree at most (/iq + 
2M — 2)dQ^ and A e K{{xi, . . . ,Xn-i))[xn,yn] is a polynomial of degree 
at most Ml := (M — 1)c?q^ and whose coefficients are all algebraic over 
K{xi, . . . ,Xn-i) of degree at most di := d'"^°~^^^^^ and height at most 

We can thus write 

0<i,j<Mi 

Then by the inductive hypothesis, each 7jj is the diagonal of some rational 
function 

Rij{xi, . . . . . . 

in K{{xi, . . . , Xn-i)) whose height is at most N{n — 1, di, hi). 

Consider the rational function ^(xi, . . . , x^, yi, . . . , yn) G K{{xi, . . . , Xn)) 
defined by 

^ '] (-^l ; • • • 5 ^n—l: 2/1 ? • • • i yn—l)x^yj^ 
g _ 0<»,j<Mi 

Then by construction, we have that Ai/2{S) = f. Taking T = 
{xnynY"''^''~'^S, we obtain that Ai/2(r) = /. By noting that \vn{f)\ < h, 
we see that T has height at most 2{h — 1) + N{n — l,di, hi). This concludes 
the proof by taking N{n,d,h) := 2{h - 1) + N{n - □ 



7. Proof of Theorems [TT3] and fTTH 

We are now ready to conclude the proof of our main result. What we will 
actually prove is the following natural extension of Theorem 11.31 to fields of 
multivariate Laurent series. 

Theorem 7.1. — Let K be a field of characteristc p > and f be an algebraic 
power series in K{{xi, . . . , x„)) of degree at most d and height at most h. Then 
there exists an explicit constant A := A{n, d, h) depending only on n, d and h, 
such that A(/) E K{{x)) is an algebraic Laurent series of degree at most p"^ 
and height at most A^'p'^'^^ . 

Proof. — Let K he a, field of characteristic p > Q and let /(xi, . . . ,x„) be 
a power series in K{{xi., . . . ,Xn)) of degree at most d and height at most h. 
Without loss of generality, we can assume that K is a perfect field (otherwise 
we just enlarge it and consider the perfect closure of K). By Theorem 16.11 
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there exist an explicit positive number depending only on n, d, and h, and 
a rational function R{xi, . . . ,Xn,yi, ■ ■ ■ ,yn) in K{{i, . . . ,Xn,yi, ■ ■ ■ ,yn)), with 
height at most N, such that Ai/2(-R) = /• The latter property clearly implies 
that A{R) = A(/). 

We are now going to exhibit a K-vectoi space containing R and invariant 
under the action of the monoid ^}2n generated by Cartier operators. Since R 
is a rational function with height at most N, there exist two polynomials P 
and Q in K[xi, . . . , Xn, yi, ■ . ■ ,yn] with total degree at most and such that 
R = P/Q. Set 

F:=| ^[^^'---'^"'^^'---'^"| |deg(g)<iv|cir(xi,...,x.,yi,...,y„). 
[Q{xi,...,xn,yi,...,yn) J 

Note that ^ is a i^'-vector space of dimension A := (^^^"). Let 
S{xi, . . . ,Xn,yi, ■ ■ ■ ,yn)/Qixi, . . . ,Xn,yi, ■ ■ ■ ,yn) be an element of V and let 
j G {0, . . . ,p — 1}^". Let Aj denote the Cartier operator associated with j 
(see Section [5] for a definition). A useful property of Cartier operators is that 
Aj{gPh) = gh.]{h) for every pair {g,h) G K{{xi, . . . , Xn))'^ ■ We thus deduce 
that 

Aj(5/Q) = A^iSQ^-'m = ^ • HSQ'-') ■ 
Since deg{SQ^^^) < pN, we can write SQ^~^ as 

SQP-^= Yl S? x^---xl^y^+'---yt 

i: = (il,...,j2n)e{0,...,p-l}2" 

where each Si is a polynomial of total degree at most A^. Now, the unicity of 
such a decomposition ensures that Sj = A^{SQP-^). This implies that 

Aj(5/Q) = VQ- 

Thus Aj{S/Q) belongs to V, which shows that V is invariant under the action 
of Cartier operators. By Propositions 15.11 and 15. 2^ it follows that A(i?) is 
algebraic over K{x) with degree at most and height at most A^p^^^. Since 
A{R) = A(/), this ends the proof. □ 

Proof of Theorem \1.4\ — Theorem 11.41 is essentially a consequence of Theo- 
rem [L3] (see the discussion in the introduction about Jacobson rings). The 
only thing that remains to be proven is that if AT is a field of character- 
istic zero and if /(xi, . . . ,Xn) S A'[[xi, . . . ,Xn]] is algebraic then the coeffi- 
cients of A(/) all belong to a finitely generated Z-algebra R K. To see 
this, we use the result of Denef and Lipshitz [14] claiming that /(xi, . . . , x^) 
can be written as the diagonal of a rational power series in 2n variables, 
say P{xi, . . . ,X2n)/Q{xi, . . . ,X2n) G Ar(xi, . . . ,X2n)- Without loss of gen- 
erality, we may assume that Q{0, . . . ,0) = 1. Let us write Q = 1 — U, 
with U G {xi, . . . , X2n)K[xi, . . . , X2n]- Let R denote the finitely generated 
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Z-subalgebra of K generated by the coefficients of P and U. Tlien the iden- 
tity P/Q = Ylk>o^^^ shows that all the coefficients of P/Q lie in R. Since 
A(/) = A{P/Q), it follows that ah coefficients of A(/) also belong to R. □ 

8. Diagonals of rational functions with high degree modulo p 

In this section, we prove Theorem 11.51 Throughout this section we make 
use of the following notation already introduced in the introduction of this 
paper: if f{x) := Yl'^=o'^(^)^"^ ^ ^[[^]] p is a prime number, we denote 
by f\p ■= Yl'^=o('^(^) modp)x" G the reduction of f{x) modulo p. An 

expression like "/ vanishes modulo p" just means that /|p is identically equal 
to zero. Also, given two polynomials A{x) and B{x) in the expression 
"^(x) divides B{x) modulo p" means that A^p{x) divides B^p{x) in Fp[x]. 

An essential property that will be used all along this section is the so-called 
Lucas property. 

Definition 8.1. — We say that a sequence a : N — )• Z has the Lucas property 
if for every prime p we have a{pn + j) = a{n)a{j) (mod p). We let C denote 
the set of all power series in Z[[x]] that have constant coefficient one, whose 
sequence of coefficients has the Lucas property, and that satisfy a homogeneous 
linear differential equation with coefficients in Q(x). 

Remark 8.1. — We note that if f{x) = ^„>oo(n)x" G C and p is a prime 
number, then 

f{x) = A{x)f{x^) (modp) , 

where A{x) := J2n=o'^i''^)^'^ ■ Furthermore, since a(0) = 1, we always have 
that the polynomial A^p(x) is not identically zero. In the sequel, there will 
be no problem with dividing by such polynomial A{x) in congruences relation 
modulo p. 

Lemma 8.1. — Let /i, . . . , € ^[[^]] such that /i|p, . . . , fg^p are linearly 
dependent over ¥p for infinitely many prime numbers p. Then, fi, . . . , fg are 
linearly dependent over Q. 

Proof. — Let aj(n) denote the nth coefficient of fi. Let us consider 

/ai(0) ai(l) ai(2) • • A 
02(0) a2(l) 02(2) ••• 

yar(O) ar{l) ar{2) ■■■J 

the s X 00 matrix whose coefficient in position {k,n) is ak{n). Given a prime 
p such that /i|p, • • • , /s|p are linearly dependent over Fp, we thus have that 
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any s x s minor has determinant that vanishes modulo p. Since this holds for 
infinitely many primes p, we obtain that all s x s minors are equal to zero, 
which implies the linear dependence of /i, . . . , over Q. □ 

Lemma 8.2. — Let /i(x), . . . , fs{x) G C and set f{x) := /i(x) H h fs{x). 

Let us assume that the following hold. 

(i) The functions /i, • • • , /s are linearly independent over Q. 

(ii) The inequality deg(/|p) < p^^'^ holds for infinitely many prime numbers 
p. 

Then for infinitely many primes p there is a polynomial Q{xi, . . . ,Xs) S 
Z[x][xi, . . . , Xs] of total degree at most ^s in xi,...,X(i such that Q|p is 
nonzero and Q{fi{x), . . . , /s(x)) = mod p. 

Proof. — Let Vo denote the infinite set of primes p for which deg(/|p) < p'*/^. 
Prom now on, we let p denote a fixed element of Vq- Let S denote the set of 
all numbers of the form zq + iip + • • • + isP^~^ with < i^, . . . , is-i < -^/p. 
Then |5| > ^/p^ and hence there is a non-trivial relation of the form 

(8.25) c,„,...,,_,(x)/(x)*°---/(xr''*-^ ^ O(mod p). 

0<io,...,is-l<^ 

Since by assumption each fi belongs to C, we infer from Remark 18.11 that 
there are polynomials Ai, . . . , Ag of degree at most p — 1 such that fi{x) = 
Ai{x)fi{x^) mod p. We also have that each fi has constant coefficient 1, which 
implies that Ai{x) ^ mod p. Then we have that 

fiix""') ^ — (mod p) 

n Mx^"^'^) 

for every positive integer j. Letting Bij(x) := Ai{x^ ) for j > 1 and 

m=l 

Bij{x) := 1 for j = 0, Equation ()8.25p can be rewritten as 
(8.26) 

If we expand the left-hand side, we obtain the existence of a polynomial 
P{x, xi, . . . , Xg) £ Z(x)[xi, . . . , Xs] of total degree at most ^s in xi, . . . , x^ 
such that P{x, fi, . . . , fs) vanishes modulo p. If i-jp is nonzero, we just have 
to multiply by the common denominator in Equation ()8.26p (which is nonzero 
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modulo p by Remark 18. ip to obtain a nonzero polynomial Q G . . . ,Xs] 

with the desired properties. 

It thus remains to prove that P does not vanishes modulo p. From now 
on, we may assume that P^p is identically zero and we will show this yields a 
contradiction. Let yi, . . . ,ys be indeterminates. Then 
(8.27) 

E ^io,-,is-i (^) n + ■ ■ ■ + ^ ° ^^""^ ■ 

Let zi, . . . ,Zs be new variables defined by 

Zj := yi/Bij{x) H h ys/Bsj{x) . 

Then 

X] Cia,...,it{x) ■ ■ ■ z'r^ = (0 mod p) 

and since CjQ^...^i^_^ is nonzero modulo p for some (io, • • • we see that 

X, ,3!]^ ^ . . . ^ Zg are algebraically dependent over Fp(x). 
On the other hand, we have 

[zi, . . .,Zs\^ = B^[yi, . . . ,ysf 

where i? is an s x s matrix whose (i,j)-entry is l/Bij-i{x). We claim that B 
is invertible as a matrix with coefficients in ¥p(x). To see this, let us assume 
that B is not invertible. Then there exists a nonzero vector of polynomials 
[ci{x), . . . ,Cs{x)] £Fp[xY such that 

s 

'^Cj{x)/Bij^i{x) = O(modp) 
i=i 

for i = 1, . . . , s. But, by construction, fi{xy^ = fi{x)/Bij{x) (modp) and 
hence we must have 

s 

Y,Cj{x)fi{xf-^ =0 (modp) 
i=i 

for i = 1, . . . , s. Thus 

s 

y^Cj(x)/t(x)P' = (modp) 
i=i 

for i = 1, . . . , s. In particular any Fp-linear combination of /i, . . . , /g, say 
y := Ai/i + • • • + Xsfs satisfies the relation 

s 

''^^Cj{x)y^ = mod p. 
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Regarding this expression as a polynomial in y, we get at most distinct 
roots in Fp[[rc]]. Since there are p'^ Fp-linear combinations of the form Xifi + 
' ' ' + ^sfs, it follows that at least two different linear combinations must be 
the same. Thus Ai/i + • • • + Xgfs = for some Ai, . . . , G Fp not all of which 
are zero. Since this holds for infinitely many primes p, Lemma 18.11 gives the 
linear dependence of fi, . . . , fs over Q, a contradiction with (i). This proves 
that B is invertible. 

Now since B is invertible, we can express yi, . . . , ?/s as Fp(x)-linear combina- 
tions of zi, . . . , Zs and thus Fp(x, yi, . . . , Us) C ¥p{x, zi, . . . , Zg). This contra- 
dicts the fact that algebraically dependent over Fp(x). Thus 
the polynomial P\p is not identically zero, which ends the proof. □ 

Lemma 8.3. — Let f{x) = ^^a(n)x" € C, let p be a prime number, and 

n=0 

set A{x) := X]n=o '^('^)^" - Then there exist a nonzero polynomial Q{x) G Z[x] 
and a number m (both independent of p) such that for every non-constant 
irreducible factor C{x) of A^p{x) either C^{x) does not divide A^p{x) orC{x) 
divides Q\p{x). 

Proof. — By assumption / satisfies a relation of the form 

r 

^P,(x)/«(x) = 0, 

1=0 

where PQ,...,Pr belong to and Pr is nonzero. Let d be the largest 
of the degrees of PQ,...,Pr. Note that by Remark 18. 1[ we have f{x) = 
A{x)f{x'P) (mod p) and thus f{x) = A{x) mod {x'P,p). This gives: 

r 

^P^{x)A^^{x)= mod {xP,p). 

i=0 

Thus we may write 

r 

(8.28) ^Pi(x)AW(x) = xPB{x) (mod p) , 

1=0 

for some polynomial B € Fp[x] with degi? < d. Now take m = r + d and sup- 
pose that A\p{x) has an irreducible factor C{x) G ¥p[x] such that divides 
A^p. Then C(x)™'~'" divides the left-hand side of Equation (|8.28p modulo p 
and hence must divide x'PB{x). Since by assumption a(0) = 1, we have that 
C(0) 7^ 0, and thus C(x)™~'' divides B{x). But m — r > d and so the degree 
of C{x)"^~^ is strictly greater than the degree of B{x) which implies that B{x) 
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is identically zero. Thus we have 

r 

^Pi{x)A^^{x) = mod p. 

i=0 

Notice that the largest power of C{x) that divides A^^\x) modulo p is larger 
than the power dividing A^'^\x) modulo p for i < r. Hence C{x) divides Pr{x) 
modulo p. Taking Q{x) = Pr{x), we get the desired result. □ 

Corollary 8.1. — Let fi{x), . . . , fs{x) G C. Given a prime p and an integer 
i with 1 < i < s, let Ai{x) G Z[x] be such that fi{x) = Ai{x)fi{xP) (mod p). 
Assume that for every p in an infinite set of primes S, there are integers 
ai, . . . ,as G Z, not all zero, such that the following hold. 

(i) There are two relatively prime polynomials A{x) and B{x) in Fp[x] such 
that Ai{xY^ ■■■ Asixf" = {A{x)/B{x)Y~'^ mod p. 

(ii) |ai| H h \as\ < ^s. 

Then there is a nonzero polynomial T{x) G Z[x] that does not depend on p and 
such that every non-constant irreducible factor of either A{x) or B{x) must be 
a divisor of T^p{x) for every p G S large enough. 

Proof. — Let p be in S. Let C{x) be some non-constant irreducible factor of 
either A{x) or B[x). Let v denote the valuation on Fp(2;) induced by C{x). 
Then we infer from (i) that 

\u{Ai{xr ■ ■ ■ As{xr')\ >p-i. 

But Lemma [8.31 gives that there is some Qi{x) G and some natural number 
rui (both independent of p) such that 

\v{A,{xf')\ < \ai\mi, 

unless C(x) divides Qi\p{x). We then infer from (ii) that C{x) should divide 
Qi\p{x) as soon as p is large enough. Then, for p large enough in S, every 
irreducible factor of either A{x) or B{x) must divide T]p(x), where T(x) := 
Qi{x) ■ ■ ■ Qs{x). This ends the proof. □ 

Lemma 8.4- — Let s be a natural number and let fi{x), . . . , fs{x) G C Sup- 
pose that for infinitely many primes p there is a polynomial Q{x, xi, . . . , Xg) G 
Z[x][xi, . . . , Xs] of total degree at most y/ps in xi,...,Xd such that Q^p is 
nonzero and Q{fi{x), . . . , fs{x)) = (mod p). Then there is a nontrivial 
Q-linear combination of f[{x) / fi{x) , . . . , fg{x)/ fs{x) that belongs to Q(x). 
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Proof. — Let S denote an infinite set of primes for which the assump- 
tion of the lemma is satisfied and let p G 5 with the property that 
p > -yjps. Then we choose a polynomial Q(x, xi, . . . , x^) G Z[x] [xi, . . . , Xc,] 
of total degree at most y/ps in xi,...,Xd, such that Q\p is nonzero and 
Q{fi{x), . . . , fs{x)) = (mod p). In addition, we choose Q having, among 
such polynomials, the fewest number of monomials in xi,...,Xs occurring 
with a nonzero coefficient (coefficients are polynomials in x). As before, we let 
Ai{x) denote an element of Z[x] such that fi{x) = Ai{x) fi{x^){modp) . Since 
Q(x, /i(x), . . . , fs{x)) = (mod p) we also have Q{xP, fiix^), ... , fsix^)) = 
Q{xP , fi{x)/Ai{x), . . . , fs{x)/As{x)) = (mod p). We let T be the set of 
indices (ii, . . . ,is) G W such that • • • xl" occurs in Q with a nonzero coef- 
ficient. Then we have 

(8.29) Yl = (mod p) 
(ii,...,js)eT 

and 

(8.30) Yl Q„...,,,(xP)Ai(x)-^i...^(x)-^=/^---/:» = 0(mod p) . 
(ji,...,js)eT 

Pick (ji, . . . ,js) G T. Multiplying Equation (|8.29p by Cji,...j^(x^) and Equa- 
tion ()8.30p by Cjj^^,,,j^{x)Ai{xy'^ ■ ■ •yls(x)-'' and subtracting, we obtain a new 
relation with a smaller number of terms. By minimality, this ensures that all 
coefficients should be congruent to zero mod p. It thus follows that for all 
{ii, . . . ,is) S T we have 

Cn,...,iMcn,...,jAx^) = Ci,,...,i,(xP)cji,...j,(x)^i(x)^'i-*i •••^(x)^'^~*= mod p. 

Equivalently, this gives that 

Qi,...,i,(x)-(^'-i)c,-,,...,,,(x)P-^ = Aiixy^-'^ ■ --Asixy^-'^ (mod p) . 

Since T has at least two elements, we see that there exist ai,...,as £ Z, 
not all zero and dependent on p, with |ai| + • • • + |as| < ^yps and such that 
A^^ ■ ■ ■ Ag'' = {A{x)/ B{x)Y~^ (mod p), for some relatively prime polyno- 
mials A(x) and -B(x) in Fp(x). By Corollarv 18. H there exists a polynomial 
r(x) G Z[x] that does not depend on p and such that every non-constant 
irreducible factor of either A{x) or B(x) must be a divisor of T^p{x). Set 
h{x) := /{"'{x) ■ ■ ■ /-"^(x) and R{x) = A{x)/B{x). Then 

^ (^) • • • (^)^r (x)--- A'^/ (x) (mod^,) 

= h{x)R{xy-^ (modp) 

and so h{x) is congruent to a scalar multiple of R{x) modulo p. Without loss of 
generality, we may assume that /]~"^ • • • = R{x) ( mod p). Differentiating 
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with respect to x and dividing by /^^ • • • , we obtain that 

s 

^aifl{x)/n{x) = R\x)/R{x) (mod p) . 

i=l 

Since by assumption p > ^/ps and not all the are equal to zero, this 
provides a non-trivial linear relation over Fp. Now let us observe that 
R'{x)/R{x) = U{x)/T{x) mod p for some polynomial U{x) E Z[x] of degree 
less than the degree of T{x). Let d denote the degree of T(x). Then we 
just proved that . . . ,x'^^'^,T{x)F[{x)/Fi{x), . . . ,T{x)Fg{x) / Fs{x) are Fp- 
linearly dependent when reduced modulo p. Since this holds for infinitely many 
Lemma |8. II implies the existence of linear relation over Q. Dividing such a 
relation by T{x), we obtain that there exists a nontrivial Q-linear combination 
of f[{x)/ fi{x), . . . , fg{x)/ fs{x) that belongs to Q(x). This ends the proof. □ 



We are now ready to prove Theorem 11.51 
Proof of Theorem I j . 51 — Let s and a be two positive integers. Set 



Rs{xi,...,Xa) ■■= 7 ■ ■ £ Z[[xi, . . . ,Xq+s 



^ 1 - (Xi + . . . + 



r 



and fix) := A (i?s)- An easy computation first gives that 



1 \ v-^ / rn 



n 



^\l-{xi + --- + Xr)) ^^n, ...,n'^ 

n=0 

Thus, /(x) = feix) + • • • + /6+s--i(x). Our aim is now to prove that deg(/|p) > 
psf^ for every prime p large enough. 

We recall that for every r > 1, the power series fr belongs to C We also 
let Ar{x) be a polynomial such that /r(x) = Ar{x)fr{xP) mod p. Notice that 
Stirling's formula gives 



(8.31) ^ ~ r™+V2^-^ 

and so the radius of convergence of /r(x) is l/r*" and by Pringsheim's theorem, 
a singularity occurs at x = Xjr'' . This implies that /i , /2 , • • • are linearly 
independent over Q. Indeed, if, for some positive integer n, there would be a 
nontrivial relation a\f\^- ■ ■ anfn = with a„ ^ 0. We would have that anfn = 
oi/i + ■ ■ ■ + o-n-ifn-i but the right-hand side is analytic in a neighbourhood 
of 1/n" while the left-hand side is not. 
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We also infer from ()8.3ip that 

(rn)! r: — i-r (rn)! _ ^3 /- l-r 

nv nv 

For r > 6, the right-hand sides are both in 0(l/n^/^) which imphes that 
hm2,_j.(i/j,r)- /r-(x) and \\m.^^xl(r-^)- fri^) both exist and are finite. 

We observe now that f^{x)/ fr{x) must have a singularity at x = 
while it is clearly analytic inside the disc of radius Indeed, otherwise 

it would be analytic in an open ball U containing and we may define a 
function Tr{z), analytic in U, by declaring Tr{z) = /^.{z)/ fr{z) dz, where 
7 is any path in U from to z. Then notice that fr{z) exp{—Tr{z)) has 
derivative zero on U and thus fr{z) = C exp{—Tr{z)) would be analytic in 
U, contradicting the fact that fr has a singularity at 1/r''. Furthermore, if 
t > r, then /^(l/a") > is nonzero and hence fl.{z)/fr{z) is analytic in some 
neighbourhood of 

We claim there does not exist a nontrivial Q-linear combination of elements 
of {f^{x)/ fr{x) I r > 6} that is equal to a rational function. To see this, 
suppose that we have a nontrivial relation 

n 

(8.32) = R{x)eQ{x) 

with Cn 7^ 0. Recall that Cnfnix)/ fn{x) has a singularity at x = l/n". But, 
by the preceding remarks, the other terms are analytic in a neighbourhood of 
X = 1/n" and thus R{x) must have a pole at x = 1/n"'. Otherwise, we could 
express Cnfn{x) / fn{x) as a linear combination of elements that are analytic in 
a neighbourhood of l/n*^, which would give a contradiction. But if we look at 
the limit as x — )• 1/n" from the left along the real line, we have that the limit of 
the left-hand side of Equation ()8.32p is a real number since lima^._>(i/„n)- fn{x) 
and \iviir^^ii(^^n-^- /^(x) both exist and are finite, while the limit on the right- 
hand side goes to infinity since R has a pole at x = 1/n", a contradiction. 
Thus, there does not exist a nontrivial Q-linear combination of elements of 
{f'j.{x) / fr{x) I a > 6} that is equal to a rational function. 

Now, by Lemma 18.41 we obtain that there do not exist infinitely many 
primes p for which there is a polynomial Q{x,xi, . . . ,Xs) G Z[x][xi, . . . ,Xs] 
of total degree at most in xi,...,Xrf such that Q\p is nonzero and 

Q(/6(x), . . . ,/6+s_i(x)) = (mod p). Since /e, . . . , /e+s-i are linearly in- 
dependent over Q, Lemma 18.21 implies that deg(/|p) > p^/"^ for every prime p 
large enough, concluding the proof. □ 
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9. Connection with enumerative combinatorics, automata theory 

and decidabiUty 

Formal power series with integer coefficients naturally occur as generating 
functions in enumerative combinatorics (see [29|, I31j ). In this area we have 
the following natural hierarchy: 

{ rational } C { algebraic } C { D-finite power series } 

where a power series is differentially finite, or D-finite for short, if it satisfies a 
homogeneous linear differential equation with polynomial coefficients. Most of 
the generating functions that are studied in enumerative combinatorics turn 
out to be D-finite (see for instance |31| ). Now it may be relevant to make the 
following observation: a D-finite power series in with a positive radius 

of convergence is a G- function and, according to a conjecture of Christol, it 
should be the diagonal of a rational function, as it is "globally bounded" (see 
|10|, |4]). Thus, at least conjecturally, most of D-finite power series that appear 
in enumerative combinatorics should be diagonals of rational functions. 

The present work has some connection with the classical problem of finding 
congruence relations satisfied by the coefficients of generating functions. Given 
a generating function f{x) = X^^:^ a(n.)x" G ^[N], a prime number p, and 
two nonnegative integers b and r, a standard problem is to determine the 
integers n such that a(n) = b mod p^'. In other words, the aim is to describe 
sets such as 5 := {n G N | a{n) = b modp*"}. Now, if / is a diagonal of a 
rational function (which as just explained should be the typical situation), the 
Furstenberg-Deligne theorem implies that /|p is algebraic over ¥p(x). Then a 
classical theorem of Christol , as revisited in |14] , implies that the sequence 
(a(n) mod p'^) is p-automatic which means that it can be generated by a finite 
p-automaton. In particular, 5 is a p-automatic set. We recall that an infinite 
sequence a with values in a finite set is said to be p-automatic if a{n) is a 
finite-state function of the base-p representation of n. Roughly, this means 
that there exists a finite automaton taking the base-p expansion of n as input 
and producing the term o(n) as output. A set £^ C N is said to be p-automatic 
if there exists a finite automaton that reads as input the hase-p expansion of 
n and accepts this integer (producing as output the symbol 1) if n belongs 
to £, otherwise this automaton rejects the integer n, producing as output the 
symbol 0. For more formal definitions we refer the reader to [1]. It was already 
noticed in |25] that such a description in terms of automata provides a vast 
range of congruences for coefficients of diagonals of rational power series. The 
present work emphasizes some effective aspects related to these congruences. 
Indeed, by Theorem 11.21 we are able to give an effective bound for the degree 
and the height of the algebraic function /|pr. As explained in this allows 



44 



BORIS ADAMCZEWSKI & JASON P. BELL 



to bound the number of states of the underlying p-automaton. This gives the 
following result. 

Theorem 9.1. — Let f{x) = ^n=o'^i''^)^^ ^ ^[M] ^he diagonal of an 
algebraic function. Let h and r he positive integers and p he a prime number. 
Then the set 

5 := {n G N I a(n) = h mod p*"} 

is a p-automatic set that can he effectively determined. In particular, the 
following properties are all decidable: 

(i) the set S is empty. 

(ii) the set S is finite. 

(iii) the set S is periodic, that is, formed by the union of a finite set and of a 
finite number of arithmetic progressions. 

As an illustration, we give in Figure [T] the picture of a 5-automaton that 

generates the Apery numbers a(n) = Ylk=o ©^("fc'^) modulo 5. We thus 
have that: a(n) = mod 5 if the base-5 expansion of n contains at least a 1 or 
a 3; a{n) = 1 mod 5 if the base-5 expansion of n does not contains the digits 1 
and 3 and if the number of 2's is congruent to mod 4; a{n) = 2 mod 5 if the 
base-5 expansion of n does not contains the digits 1 and 3 and if the number of 
2's is congruent to 3 mod 4; a(n) = 3 mod 5 if the base-5 expansion of n does 
not contains the digits 1 and 3 and if the number of 2's is congruent to 1 mod 4; 
a(n) = 4 mod 5 if the base-5 expansion of n does not contains the digits 1 and 
3 and if the number of 2's is congruent to 2 mod 4. In this direction, Beukers 
made the following conjecture [5j: if r denotes the sum of the number of I's 
and the number of 3's in the base-5 expansion of n, then a(n) = modp^. 
Recently, Delaygue |12j announced a proof of this conjecture. In order to 
answer this kind of question, it would be interesting to understand, given 
the diagonal of a rational power series f{x) = '^n>o^(''^)^^ ^ ^[W]i 
connection between the p- automaton that generates a(n) mod and the one 
that generates a(n) mod p^~^^ for every positive integer r. 

10. Algebraic independence for G-functions with the Lucas 

property 

In this section, we come back to the results obtained in Section [8] when 
proving Theorem 11.51 It turns out that we have incidentally proved a result 
of independent interest about algebraic independence of some G-functions. 

We recall that a sequence a : N — )• Z has the Lucas property if for ev- 
ery prime p we have a{pn + j) = a{n)a{j) (mod p). In 1980, Stanley [30j 
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Figure 1. A 5-automaton generating the Apery sequence modulo 5. 

conjectured that, for positive integer t, the power series J2n=o CnY^"^ tran- 
scendental over Q{x) unless t = 1, in which case it is equal to l/Vl — 4x. He 
also proved the transcendence in the case where t is even. The conjecture was 
proved independently by Flajolet |19j and by Sharif and Woodcock |28j with 
two different methods. The proof of Sharif and Woodcock is based on the 
Furstenberg-Deligne theorem and use the fact that the sequence {^"') satisfies 
the Lucas property. These authors also proved in the same way the transcen- 
dence of ^n=o (n™n) ^" every integers r > 3, t > 1. Their approach 
was then developed by Allouche et al. in [3] (see also [2]) who obtained a 
general criterion for the algebraicity of formal power series with coefficients in 
Q satisfying the Lucas property. However, it seems that not much is known 
about algebraic independence of such power series. As a first result in this 
direction, we prove Theorem 110.11 below. We recall that C denotes the set of 
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all power series in that have constant coefficient one, whose sequence 

of coefficients has the Lucas property, and that satisfy a homogeneous linear 
differential equation with coefficients in Q(x). 

Theorem 10.1. — Let fi,---,fs be elements of C such that there is no non- 
trivial ([^-linear combination of f[/ fi, . . . , f'^/ fs that belongs to Q{x). Then 
fi,---,fs are algebraically independent over Q(x). 

Proof. — Let us assume that are algebraically dependent. Then 

there exists a nonzero polynomial Q G Z[ 1 such that 

Q{x,fi, . . . , fs) = 0. Note that for all sufficiently large primes p, the total 
degree of Q is less than ^Jps and Q^p is nonzero. Thus Lemma 18.41 implies the 
existence of nontrivial Q-linear combination of /(//i, . . . , /^//^ that is equal 
to a rational function, a contradiction. □ 

We then deduce the following consequences of Theorem llO.li 



Then {fr \ r > 6} and {g^ | r > 4} are two families of algebraically independent 
functions ouerQ(x). 

Proof. — The fact that fr and gr belong to C and are transcendental 
over Q(x) can be found in [28J. Furthermore, we already obtained in the 
proof of Theorem 11.51 in Section [8] that there is no Q-linear combination of 
fr/fr,... , fr^n/ fr+n, r > 6, s > 1 that is equal to a rational function. The 
fact that there is no Q-linear combination of g'^/gr, ■ ■ ■ , g'r^n/dr+n, r > 4, s > 1 
that is equal to a rational function can be proved in a very similar way. Thus 
Theorem 110.11 applies . which implies the result. □ 

We note that Theorem 110.11 can actually be used to prove the best pos- 
sible results regarding algebraic independence of both families considered in 
Corollarv llO.il Indeed, we could obtain that {fr \ r > 3} and {gr \ r >2} are 
two families of algebraically independent functions over Q(rE). We choose to 
only give the statement in Corollary 110.11 here, as it is a direct consequence 
of the results already proved in Section [8] and does not need additional work. 
Furthermore, it may be the case that Theorem 110.11 also has interesting ap- 
plications regarding algebraic independence of other classical families of G- 
functions. Since it is not the focus of the present paper, we plan to investigate 
this question in more detail in a future work. 



Corollary 10.1. — Set fr{x) := ^ 




and gr ■= 




X 
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